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Abstract

In this paper, we consider a class of the stochastic linear complementarity problems
(SLCPs) with finitely many elements. A feasible semismooth damped Gauss-Newton al-
gorithm for the SLCP is proposed. The global and locally quadratic convergence of the
proposed algorithm are obtained under suitable conditions. Some numerical results are
reported in this paper, which confirm the good theoretical properties of the proposed al-
gorithm.
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1. Introduction

Assume that (Q, F, P) is a probability space with Q C R™, where the probability distribution
P is known. The stochastic linear complementarity problem (see [1-10]) is to find a vector
x € R” such that

>0, Mw)z+qw)>0, [M(w)z+q(w)] =0, ae we, (1.1)

where Q@ C R" is the underlying sample space and w € €2 is a random vector with given
probability distribution P and, for each w, M (w) € R™*™ and ¢(w) € R".

Problem (1.1) is usually denoted by SLCP(M (w), ¢(w)) or SLCP, briefly. If  is a singleton,
SLCP reduces to the intensively studied and standard linear complementarity problem (denoted
by LCP); see [11-14].

In general there is no vector x satisfying (1.1) for all w € Q. In order to obtain a reasonable
solution of Problem (1.1), there have been several types of models being proposed. One of them
is the expected value (EV) model [15] that formulates (1.1) as follows: Let M = E[M (w)] and
d = E[q(w)] be mathematical expectations of M(w) and ¢(w), respectively. The EV model is
to find an x € R™ such that

>0, y=Mz+g>0, z'g=0. (1.2)
Another is the expected residual minimization (ERM) model (see [1,7]). The ERM model is to

find an x € N} that minimizes the expected total residual function

min f(z) = B[[|®(z,w)|] ZE{ (i, Mi(w)z + g;(w)))* }, (1.3)

>0
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where M;(w) (i = 1,---,n) is the i-th row of random matrix M(w) and ¢ : R2 — R is an
NCP-function that satisfies

o(a,b) =0 <= a>0,b>0,ab=0
and
p(x1, Mi(w)z + q1(w))
d(z,w) =
(T, My (w)r + gn(w))

Recently, Zhou and Caccetta (see [16]) present a new model for a class of stochastic linear
complementarity problems in which sample space €2 has only finitely many elements. Let
Q = {w1,wa, - ,wn and their model is to find an = € ™ such that

>0, Mw)r+q(w) >0, z"[Mw)z+qw)] =0, i=1,--,m, m>1 (1.4)

In their model it is assumed that p; = P{w; € Q} > 0,3 =1,--- ,m, and let M and G be the
expectation values of the random matrix M (w) and random vector g(w), i.e.,

M = . piM(w;), q= Zpiq(wi). (1.5)

They claim that problem (1.4) is equivalent to (1.6)-(1.7):

x>0, Mx+q>0, /' (Mz+q) =0, (1.6)
M(w)z + q(w;) >0, i=1,--- ,m. (1.7)
Furthermore, they define B
Pa(z1, (Mz + q)1)
Po(z) = )
Pa(Tn, (Mz +q)n)
where, @q(a,b) = a+b—+/a2 + b2+ afa] L [b]+ with & > 0 and [t]; = max{0,¢}. Then problem

(1.4), if it has a solution, can be reformulated as the following minimization problem with
nonnegative constraints

. 1 -
min  0(z) = S [[H ()%
st. z22>0,

(1.8)

where z = (z,y) € R" x R™" and

m@:ﬁ@w<~ @ML )

Here
M (w1) q(w1)

M= i ewmmor qw=| o |ewm
M (wnm) q(wm)
The authors of [16] propose a semismooth Newton method for solving the constrained mini-

mization problem (1.8). They also examined the effectiveness of the algorithm by means of
numerical experiments.
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The method in [16] can be regarded as a direct application of the asymptotically feasible
semismooth Newton method (AFSN) proposed in [17]. The AFSN yields a stationary point of
(1.8) or generates an infinite sequence, the cluster point of which is a stationary point of (1.8).
The search direction used in AFSN is the asymptotically Newton direction, i.e., the convex
combination of the projected gradient direction and the projected Newton direction. Notice
that, at the k-th iteration, if the Newton equation has no solution, then the Newton direction
obtained by AFSN is not exact. Hence, the asymptotically Newton direction will turn to the
projection gradient direction. In this case, the performance of AFSN may be dissatisfactory.
Since AFSN always chooses the projected direction after certain iteration, the convergence rate
of AFSN is poor for those test problems in [15]. Furthermore, we notice that, when m and n are
large, problem (1.8) has n(m + 1) variables, which is difficult to solve. Based on these reasons,
we are motivated to seek a new reformulation and algorithms for solving problem (1.8).

In the last decade, there have been strong interests in smoothing Newton-type methods for
solving the classical nonlinear complementarity problems [18-23]. Motivated by Reference [16]
and smoothing Newton-type method, in this paper, we present a smoothing Gauss-Newton
method for solving the stochastic linear complementarity problem (1.4) based on the smooth-
ing Fischer-Burmeister NCP-function. Under suitable assumptions, the proposed algorithm is
proved to be convergent globally and superlinearly /quadratically.

The rest of this paper is organized as follows. In Section 2, we state some preliminary results.
In Sections 3 and 4, we propose a feasible semismooth damped Gauss-Newton method for the
stochastic linear complementarity problem (1.4) and prove the global and locally quadratic
convergence of the proposed algorithm. Some numerical results are reported in Section 5.

The following notations will be used throughout this paper. All vectors are column vectors,
the superscript 7 denotes transpose, R" (respectively, &) denotes the space of n-dimensional real
column vectors (respectively, real numbers), " and R’} , denote the nonnegative and positive
orthants of R™, R, (respectively, R4 ) denotes the nonnegative (respectively, positive) orthant
in ®. For any v € R, let [v]; = max{v,0} = (max{vy,0},--- ,max{v,,0})T. We define
N :={1,2,---,n}. For any vector u € R", we denote the diagonal matrix whose ith diagonal
element is u; by diag{u; : i € N}. For simplicity, we use (u, v) for the column vector (u”,vT)7.
The matrix I represents the identity matrix of arbitrary dimension. The symbol || - || stands for
the 2-norm. For any a, 8 € Ry, a = O(B) (respectively, o = o(f)) means «/f is uniformly
bounded (respectively, tends to zero) as § — 0.

2. Constrained Equations Reformulation

In this section, we reformulate problem (1.4) as a minimization problem with nonnegative
constraints. Notice that (1.6) is a standard LCP and it can be reformulated as a system
of semismooth equations by a smoothing NCP-function. Throughout this paper, we use the
following NCP-function ¢ : 2 — R [16]:

dala,b) = (a+b) — Va2 + b2+ aayby. (2.1)
Then, it is easy to verify the following proposition.

Proposition 2.1. Assume that ¢, is defined by (2.1). Then
(1) ¢a(a,b)=0 < a>0, b>0, ab=0.
(2) ¢a(-) is strongly semismooth on R2.
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(3) ¢a(+)? is continuously differentiable on R2.
(4) the generalized gradient D¢ (a,b) at a point (a,b) € R? is equal to the set of all (&4, &p)
such that

a b .
. (1- T =)+ albrdar,adb). i (a.b) # (0.0), s
(1_C51_77)a Zf(a7b):(070)a
where ((,n) is any vector satisfying /¢ +n? <1 and
1, if ¢>0,
Ocy =< {[0,1]}, if c¢=0,
0, if ¢<0.

(5) Let {a*},{b*} C R be any two sequences such that either a* — —oo, or b* — —o0, or
ak bk — +o0. Then |¢pq(a”,b*)] — +oc.

Let B
balx1, Miz + q1)
Do, z) = ; , (2.3)
¢a($na Mnx +qn)
where M; and ; (i = 1,--- ,n) are the i-th row of matrix M and the i-th component of vector

q, respectively, M and g are defined in (1.5). Then, z solves (1.6) if and only if ®,(z) = 0.
Furthermore, let

M (w1) q(w1)
M(w w2
M(w) = (. 2) ) = Q(. )
M (wm) q(wm)

Thus, if (1.4) has a solution, then solving (1.4) is equivalent to solving the seimismooth system
of equations with nonnegative constraints:

H(z)=0, withz>0, (2.4)
where
Pa(z)
H(z) = ) (2.5)
G(x)
with
G(z) = [M(w)x + q(w)]-. (2.6)
Here, for any « € R™, the notation [-]_ implies that [x]_ = min(0, z) and the minimum is taken

component-wise.
For function H defined in (2.5), we have

Proposition 2.2. Assume that H is defined in (2.4). Then H(x) is local Lipschitz and strongly
semismooth.

Proof. By the fact that [-]_ is strongly semismooth and Proposition 2.1 (2), it follows from
Theorems 19 and 20 of [28] that the function H(z) is strongly semismooth. O
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Proposition 2.3. Suppose that LCP(M,q) is R-regular at a solution z*. Then, all Vo €
OcPo(x*) = 0P 1(x*) X 0Py 2(x*) X -+ X OPq n(x*) are nonsingular.

For any x € R™, we have that

Vo
acH(x) = { < - ) Ve € 6C<I>a(x), Vo € acG(m)} , (2.7)
G

where Vg € R"*", Vg € R™M™*", Hence, by Proposition 2.3, we have:

Proposition 2.4. Suppose that x* is a solution of (2.4) and that the LOP(M,q) is R-regular
at the solution x*. Then, for any

the matriz

VIV =VIVe + VEVg
s monsingular.

For any x € R™, an element of the C-subdifferential of 0c®, (x) or dcG(x) can be calculated
as follwos.

Algorithm 2.1. (Procedure to calculate an element Vg € 0c®,(x))

Step 0. Let x € R" be given, and let Vg ; denote the ith row of the matriz Vo € 0cPq(x).
Step 1. Set S; = {i:x; = Mz +§ =0} and So = {i: x; > 0, Mz + g > 0}.

Step 2. Set c € R™ such that ¢; =1 fori € S1 and ¢; =0 fori & Sq.

Step 3. Foric Sy, set

Vai = (1- - )l + (1- L)MT

Step 4. Fori € Ss, set

VAT (M + )

T;

VA F (Mw + 4.)?

\Z% :(1 +a(M;x + (ji))eiT + (1

Step 5. Fori & S;US,, set

. Ve =2 ~
V(pﬂ- = (1 — xj )eZT + (1 - sz :F QZ) )Mz
Va?+ (Mx + g;)? VE+ (Mix + §)?
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Algorithm 2.2. (Procedure to calculate an element Vg € dcG(x))

Step 0. Let x € R" be given, and let Vi ; denote the ith row of the matriz Vo € 0cG(x),
1=1,--- mn.

Step 1. Set Ty = {i : M;(w)x + ¢;(w) < 0} and Ty = {i : M;(w)x + ¢;(w) > 0}.

Step 2. Forie Ty, set Vg, = M;(w).

Step 3. Fori €15, set Vg, =0.

Now, we define the merit function of (2.4) by

W) = | H ) (28)
Let ]

W (2) = 3| Ba ()| (29)
and )

W (a) = G (210)

It is not difficult to see that if (1.4) has a solution, so (2.4) has a solution which is equivalent to
the following optimization problem has a global minimal solution with nonnegative constraints
and the minimal value is zero.

min  ¥(z) = %HH(x)”Qa

(2.11)
st. x>0.
One can easily see that x is a stationary point of (2.11) if only if
x>0, VU(z)>0, zI'V¥(z)=0. (2.12)

In what follows, we will concern with finding a point = which satisfies (2.12).
From [12], we have the following lemma.

Lemma 2.1. The function U(z) is continuously differentiable on R™ with
VU (z) := VU, (2) + VUy(z) = VI @, (2) + VEG(2).
and VU (z) is strongly semismooth, i.e.,
VU (z) = VU(2*) + U (x — 2*) + O(||lz — z*|?),
where U € OVY¥(z) is given by

(m+1)n
U=VaVo+ViVa+ Y Hi(x)Ti(v).

i=1
Here T;(z) € R™*™ is the generalized Hessian of H;(x).

Throughout this paper, we make the following assumption:
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Assumption 2.1. T;(x) € R"*™, the generalized Hessian of H;(x), is locally Lipschitz contin-
UOUS.

Now we examine the boudedness of the level set of problem (2.7). For a given 2° € R, the
level set of U(x) is defined as follows:

Lyg)(@®) = {z € R" | U(z) < U(2")}. (2.13)

We recall the definition of the stochastic Ry matrix in [9]. A stochastic matrix M (w) is
called as a stochastic Ry matrix if

x>0, M(w)x >0, 2" M(w)r =0, ae. = x=0.

If the expected matrix of M(w), M = E[M (w)], is an Ry matrix, then M () is a stochastic Ry
matrix. However, the converse of this proposition is not true, that is, M(-) being a stochastic
Ry matrix does not imply that there is an w € Q such that M = E[M(w)] is an Ry matrix
(see [9] for more details about the stochastic Ry matrix).

Next, we verify that the level set Ly (;)(2°) defined in (2.11) is bounded under the assumption
that M (-) is a stochastic Ry matrix.

Theorem 2.1. The level set E\I,(l.)(:co) defined in (2.11) is bounded for any q(-) if and only if
M(-) is a stochastic Ry matriz.

Proof. We first show the necessity. Let q(w;) =0(i=1,--- ,m) and 2° = 0. Then
U(2") =0 and 0€ Ly (z?) = {z € R} | ¥(z) < T(2")}.

Suppose that M (-) is not a stochastic Ry matrix. Then there exists an & > 0 with & # 0 such
that
£20, Mw)z>0, &"Mw)E=0, i=1,---,m.

Thus, we obtain that
#T'Mi=0 and Uy(2)=0.

Furthermore, we have
(12)TM(12) =0 and ¥y(l&) =0,  foralll > 0.

Notice that M (w)(l&) + q(w) = M(w)(IZ) > 0. Hence ¥5(IZ) = 0, which implies that I& €
Ly () (2°). This contradicts with the boundedness of L4 (2?).

Now we prove the sufficiency by contradiction. Suppose there is a sequence {z*} C Ly (z) (29)
such that ||2*|| — 400 as k — +o00. Let

k a”

[l* ]

Notice that the boundedness of the sequence {u*}, without loss of generality, we can assume
that

lim u® = u*.
k—oo

Obviously u* > 0 and ||u*|| = 1. The following proof is divided into two steps (a) and (b).
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(a) We claim M (w;)u* > 0 for all i = 1,--- ,m with reduction to absurdity. Suppose there
exist 49 € {1,---,m} and jo € {1,--- ,n} such that M, (w;,)u* < 0, where M,,(-) denotes the

Jo-th row. Since

2k

* . k .
Mjo(wi)u :klglgo Mjo (wio)u = kli>n;o Mjo (wio)m
i M (wio)t 4 g5(wi)
k—o0 [l=*]|

Notice that M;, (ws,)u* < 0, so there exists a ko > 0 such that

M, (w; )z* s (w; 1
wlthe Bolo) o Saty ', for all k> ko

that is, we have for all & > kg,
k 1 * k
Mjo (wio)x + qjo (wio) < §[Mj0 (wio)u ]Hl‘ Ha

which implies that
M, (wig)z* + gjy (wiy) = =00, k — +o0.

Then, we have
Uy (zF, y*) = 400, k — +oo0.

(2.14)

This contradicts with the fact Wa(z*,4*) < W¥(20). So there must be M (w;)u* > 0 for all

i=1,--,m.

(b) We deduce that (u*)T M (w;)u* = 0 for all i = 1,--- ,m. We prove this assertion with
absurdity. Suppose that, combined (a), there exist ig € {1,---,m} and jo € {1,---,n} such

that uj, > 0 and Mj,(wj,)u* > 0. We have

M.

M Ju* = 1 = 1i
o (wi)u” = lim B ool ]|

Thus, there exists a k1 > 0 such that

M, (wig )" jo \™% 1

that is,

M
2
which implies that

M, (Wio)ﬂfk + qjo (wiy) = +00  as k — +oo.

o (Wi )T M, (wiy)2" + g5y (wiy) .

1
o (Wio) 2" 4 qjo (Wie) > 5 Mjo (wi)u® - 2", for all k > ky,

On the other hand, without loss of generality, assume that M,(w;)z* + ¢j(w;) are bounded

below for all i =1,--- ,m and j = 1,--- ,n (or else ¥o(w*) — +00). Notice that

Mjomk + o = Zpi [Mjo (wi)mk + g5, (wt)]

i=1

=3 pil My (wi)a® + g, (@i)] + pio (M, (wio)2* + g5 (wi, )]

iio
>C + Pig [Mjo (wio)mk + g5, (wio )]7
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where C' is some constant. Hence, we have

[Mjoa* + Gjo]+ — 400, as k = +oo. (2.15)
Notice that,
k
i: lim ©* =u* >0 (2.16)
k—o00 ||£L'k|| k—oo 10 Jo ’ ’

Then, for & > 0 sufficiently large, we have

Thus
[25, ]+ [Mjoz® + s+ — +o00,  as k — +oc. (2.17)

Therefore, by Proposition 2.1 (5), we obtain that
|ba(ah, [Mj 2" + Gj,])| = +00, as k — +o0,

which implies that

‘Ill(ack) — +o00, ask — +oo.

This contradicts that W (up,2*) < W(2°). Thus, it follows from (a) and (b) that for all
i=1,---,m,

u* >0, Mw)u* >0, (u)TM(w)u* =0.

Since M (-) is a stochastic Ry matrix, we deduce that u* = 0, which is inconsistent with ||u*|| = 1.
Hence, the level set ﬁg,(x)(zo) must be bounded. So far, we complete the whole proof. g

Let S(,,,) and S, be the solution sets of (1.8) and (2.7). Let (2.7) be defined by the function
bal(-,-), and (1.8) be defined by the function ¢(-,-). Then we easily prove that S, ,) and S,
are empty or nonepmty simultaneously. In addition, (z*,y*) € S(;,,) with y* = [Ma* + ¢]; if
and only if z* € S, under the condition that both S, ,y and S, are nonepmty.

By Theorem 2.1, we have the following corollary immediately.

Corollary 2.1. The solution set S, of (2.7) is nonempty and bounded for all q(-) if M(-) is a
stochastic Ry matriz.

3. The Feasible Semismooth Gauss-Newton Algorithm

In this section, we will propose a feasible damped Gauss-Newton algorithm for solving (2.4).
In order to reduce computation dimensions, we resort to the active set strategy. The active set
is defined by Ay = {i : ¥ > 0 or V¥(2¥); < 0} for each 2*. Now we state the algorithm as
follows.
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Algorithm 3.1. (Feasible Damped Gauss-Newton Algorithm)
Step 0. Choose parameters n,p,o € (0,1), p € [1,2]. Let 2° > 0. Set k := 0.

Step 1. Choose V¥ € OcH(2%) and compute VU (z*) = (VF)T H(2*). Stop if 2% is a
stationary point of (2.11), i.e., x* satisfies (2.12). Otherwise, go to Step 2.

Step 2. Let Ay = {i:zF >0 or VU (2*); < 0}. Solve the following linear equations to get
Gauss-Newton direction d*
WikaAkd = 7V\I}(xk)z4ka (3.1)

where
WﬁkgAk = [(Vk)TVk]Ak,Ak + BkI-

Here, I is an identity matriz in proper order and
0, if [(VF)TV¥) 4, 4, is nonsingular,
B =

|V (xF)a,||P, otherwise.

Set i
dt 1€ Ag
dk i = v ’
(dx) { 0, id A
Step 3. Let
dl& = —fka\Il(:ck%
where

. NV (z*)Tdk,
Vi = mm{l, 77}
[V (k)]
Step 4. Let my be the smallest nonnegative integer m satisfying
V(b +d"(p™)) < V(") + oVE(*)TdE(p™), (3.2)
where for any A € (0,1],

d*(N) = tpde; (M) + (1 = t)dy (V)
dy(N) = [z + Ay ]y — 2, dg() = [2F + Adg)y — 2,

and t*(\) is a minimal point of the following problem:

1 _
: k k\T 3k LAY kK\NTy/k Jk
Oréltlgllll(ac )+ VU (™) d + 2(d ) (VYT VELE, (3.3)

where d* = td% (\) + (1 — t)d5(N). Let A, = p™*, 21 = ok + dF(\).
Step 5. Let k:=k+ 1 and go to Step 1.

Remark 3.1. One is easy to find that (3.3) can be written as

1
min —at® + bt + ¢, (3.4)
te[0,1]



A Feasible Semismooth Gauss-Newton Method for Solving a Class of SLCPs 207

where
a =[dg;(N) — dy (W] (VF)TVEG(A) = di ()], (3-5)
b=V (") + (VI)TVER (V]G = dy (W),
e =5 IH @) + VA (3.7)
The minimum point of problem (3.4) is given by
max{0, min{1, —2}}, if a >0,
#(\) =4 o, ifa=0,b>0, (3.8)
, ifa=0,b<0.
The following lemma can be seen in [17]:

Lemma 3.1. The following statements hold:
(a) For anyv € R%, ([ul+ —w)T([u]l+ —v) <0 for all u < R™.
(b) M)+ = [ol]l < llu =l for all u,v € R™.
(¢) Given x € R™ and d € R"™, the function g defined by

4+ Ay — 2]

3 A>0

g(A)
1§ nonincreasing.

By Lemma 3.1, we can prove the following result:

Lemma 3.2. Suppose that the projection-gradient direction di,()\) is defined by Algorithm 3.1.
Then we have
ld&:(M1* < A(d&)T dé(N). (3.9)

Proof. By Lemma 3.1(a), taking u := 2% + \dE,, v := 2F we get
0 >([uly — u)" ([ul4 —v)
=([a" + Adg]+ — [o* + ME])T ([ + Adg )4 — 2¥)
={([z" + Mg ]y — 2®) = Mg} ([ + Mgy — 2*)
=(d — Mg)" dg;,
that is, (3.9) holds. O
Lemma 3.3. Suppose that 2 is not a stationary point of (2.11). Then we have ||d%(1)|| > 0.
Proof. We prove it by contradiction. Suppose that ||d%(1)|| = 0. Then
0=[z" + dg]y — a* = [2" — V(")) - 2P,

ie.,

o = [2F — V(")
which implies that 2* is a stationary point of (2.11). This is a contradiction, so we complete
the proof. g

Next we show that Algorithm 3.1 is well-defined. We only need to prove that Step 4 is
finitely terminated, i.e., d(\) is a descent direction for all A > 0 sufficiently small.
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Theorem 3.1. Suppose that x* is not a stationary point of (2.7). Then there exists a constant
A € (0,1] such that d*()\) is a descent direction of ¥(x*) at point z* for any A € (0,\] and

(2P +d(N) < U(2F) + oV (") TdE(N). (3.10)

Proof. Notice that the smallest eigenvalue ¢ of the matrix W is positive, i.e., ¢ = Apin(W*) >
0. Then, from Step 3 of Algorithm 3.1 we have

ldx || = I[W*) 7' Ve (ah)] < %HV‘I’(IEk)H-

Since z* is not a stationary point of problem (2.11), it holds that V¥ (z*) # 0. Thus we have

: nV‘I’(x’“)Tdﬁ“v}
Y =min{ 1, ——————5—
{ [V (h)]?
V() (WA, 4,)  VE(")a,

=minq 1,7 5 Bk (3.11)
{ VW (2*)[]2

>0.

Hence, we have

&l = || = wVeEh)| < IV Eh).

Let Cyp = max{1,1/¢}||[V¥(z*)||. Then ||d% | < Co and ||d%| < Cp. By using nonexpansivity
of the projection operator, we get

ldx (V)] = [l max(a® + Ady;, 0) — 2¥|| < AlldX || < Co,
ld&; (V)| = || max(z® + Adg;, 0) — 2* || < Alldg|| < Co.

Thus, for all A € [0, 1],
"N = [[t5dE + (1 = t5)dx || < CoA.

So we have ||d§ (V)] = O(), HtZ (A)H O() and [[d*(V)[ = O().
Next we show that V¥ (z*)Td*(\) < 0. By (3.3) we have

VU (zF)TdF (N + 5J’f(A)T(Vk)Tv’fd’f(A)
VR + SN (VR VR,
Notice that there exists a constant C; > 0 such that ||(VF)TV¥|| < ||W*|| < O for all k. Hence,
we have
SENTHTVREN) = 007), Lk ()T (VTVRE () = 00%).
Thus, one has
VU (zF)Tdd () < VO (R)TdE(N) + ON?) = V(2P TdE(N) + o(N).
By Lemmas 3.1(c), 3.2, 3.3 and Step 3 of Algorithm 3.1 we have
VIR0 = = () A 0) <~ |50

_ Alde )]

< -|d& ()] <o. (3.12)
Vi
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Therefore, we have V¥ (z¥)Td*(\) < 0 for A > 0 sufficiently small, which implies d*()\) is a
decent direction of W(z*).

Now we come to prove that (3.13) holds. Notice that ¥(-) is continuously differentiable.
Then, by (3.12), we have for A > 0 sufficiently small,

Hence, there exists a constant A € (0,1] such that
U(zh + d*(N) < U(2®) + oV () TdE(N),  forall A € (0, )],
which completes the proof. ]

Corollary 3.1. Algorithm 3.1 is well defined. Furthermore, let {z*} be a sequence generated
by Algorithm 3.1. Then {z*} C R".

Proof. By the construction of Algorithm 3.1, we need only to prove Step 4 is well defined.
From Theorem 3.1 we know that the line-search (3.2) is finitely terminated. So Algorithm 3.1
is well defined.

Furthermore, for any A, € (0,1] and ¥ > 0, we have

F =gk 4 gk (Mk)
=2k L t5dE () + (1 — t3)d5 (N)
=t (W) [a® + Aedg] s + [L =t (w))fe” + Ardy]s € R,

which completes the whole proof. ]

4. Convergence Analysis

In this section, we prove the global and locally quadratic convergence of Algorithm 3.1. We
first introduce the following lemma which is easily proved and hence, we omit it.

Lemma 4.1. & > 0 is a stationary point of (2.11) if and only if there exists a constant X\ > 0
such that & = [& — AVU(Z)] 4.

We next prove the following lemma.

Lemma 4.2. Suppose that {z*} generated by Algorithm 3.1 is an infinite sequence and T is
an accumulation point of it. Then if T is not a stationary point of (2.11), there must be
liminfy o0 v& > 0, where v is defined by Step 3 of Algorithm 3.1.

Proof. By (3.11), let likm inf vy, =4 > 0. Without loss of generality, we can assume that
—00

lim z®

— & lim v =7,
k—o0 k—o0
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and e
_ 0, if [(V)TV]AA is nonsingular,
| IVE(@) 4P, otherwise,

where V C dcH (%), A = {i : & > 0 or V¥(i); < 0}. It is easy to find that for sufficiently
large k,
NV (t) T dy
IV EF)>
Notice that if & is not a stationary point of (2.11), then V¥ (&) ; # 0. Hence, by (4.1) we have

vy = (4.1)

- L Ve (ER)Tdy
7= e == i S e
L TREHE (W) TG,
A VO ()2
_ Y@ Wa0) V()4
[VE(2)]2

Ve @) )2
Zn)\rnin( A,A) I)W

>0,

which completes the proof. ]

The next lemma indicates that both {\;} and {d%(1)} are bounded below if the cluster
point of {z*} is not a stationary point of (2.11).

Lemma 4.3. Suppose that {x*} generated by Algorithm 3.1 is an infinite sequence and T is an
accumulation point of it. If T is not a stationary point of (2.11), then
(a) there exists a constant & > 0 such that for all k >0,

ld& M) = |[2* = V¥ (*)]y —2*| > & (4.2)
(b) there exists a constant Ao > 0 such that A\, > Ao for all k > 0.

Proof. (a) It follows from (3.11) that {74} is bounded. Notice that Z is an accumulation point
of {xk} So, without loss of generality, we can assume that limy_,~ 2 = & and limy_.sc Y& = Jo-
Then, we have

lim [|dg(1)] = lim [|[z* — V¥ (")] — 2|
k—o0 k—o0

=Mz = 5% V¥ (@) — .

By Lemma 4.1, we get 59 > 0. In addition, it follows from Lemma 4.1 that ||[Z — % V¥ (Z)]+ —
Z|| > 0. Hence, there exists a positive integer ko > 0 such that for all k > ko,

] > 3~ 2VE@]: — .

Let
¢ = min {||dg: (D], [d&(D)], -, ldg (D], %H[ﬁf — 5V (@)]4 — 7|}

We obtain immediately that (4.2) holds.
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(b) By (3.13) and (4.2), we have for all Ay € (0,1] and k >0

U(z") + oV (@) dg (M) — (1= 0)Mellde (D) + o(Ax)
U(zF) + oV ()T dE (M) — (1 — 0)E2 A, + o(A).

Therefore, there exists A; € (0, 1] such that
—(1 =)\, +0(A\p) <0, for all A\, € (0, \q].
Thus for all Ay € (0, ] and all k£ > 0,
U(zF +d* (M) < U(2P) + oV (2P Tdk ().

By the updating rule of A\, let A\g = pA1 > 0, we have Ay > A, for all £ > 0. This completes
the whole proof. O

Now we come to consider the global convergence of Algorithm 3.1. We have the following
theorem.

Theorem 4.1. Suppose that {x*} generated by Algorithm 3.1 is an infinite sequence and x* is
an accumulation point of {x*}. Then z* is a stationary point of (2.11). Furthermore, if the
matriz M () is a stochastic Ry matriz, then such an accumulation point must exist.

Proof. We prove the conclusion of the theorem by contradiction. Suppose that z* is not a
stationary point of (2.11). Since x* is an accumulation point of {x*}, there exists a subsequence
{x*1} of {x*} converges to z*. By Lemma 4.3, there exist constants & > 0 and Ao > 0 such
that [|dfi (1)] > € and Ay, > Ao for all k; > 0. It follows from (3.12) that

VU (a™)Tdg (A) < =Ailldg (D] < €.
Thus, by the line-search (3.2) we have
(M) < U(zh) — o2 ).
Then,
U(zh) < (ki) <o < W(aFir ) < W(hior) — oe? ). (4.3)

From (4.3) we deduce that
U(z*) < U(a*) - o€,

which implies that £2)\g < 0. This is a contradiction, which proves the first part of the theorem.
Furthermore, by Corollary 2.1, we obtain immediately the second conclusion of the theorem.
The whole proof is completed. |

From now on, we come to prove locally quadratic convergence of Algorithm 3.1. Assume
that «* is a stationary point of (2.11). Define the function

r(z) =z — [z — VU(2)]+. (4.4)

We prove that r(z*) provides a local error bound for the sequence {z*} generated by Algorithm
3.1.
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Lemma 4.4. Suppose that the infinite sequence {x*} generated by Algorithm 3.1 converges to
a*. If x* is a stationary point of (2.11) and every U* € OV (x*) is positive definite, then for
all 2% sufficiently close to x*, we have

2% — || < Cllr(z")ll, (4.5)
where C' > 0 is a certain constant.
Proof. By Lemma 2.1, we have for all z* sufficiently close to z*,
VU (zF) - VIU(z*) = U (2" — 2*) + O(||z* — 27|?), (4.6)

where U* € OVW¥(2*). Notice that every U* € OV¥(x*) is positive definite, so for all z*
sufficiently close to z*, every U* € OV U¥(x*) is uniformly positive definite, i.e., there exists a
constant Cy > 0 such that

Cio i (TF) ™) < A (UF) 1) < €y (47)

and 1
F S )\mzn(Uk) S )\max(Uk) S C'O- (48)

0

Thus, it follows from (4.6) that
1
5o la® = 2" <[V (") = V(2| < 2C0)|2* - 2*]|.
2Cy
Notice that

VU ()T [2F — r(a®) — 2*] =V (2*)T 2% —r(2")]
=V (z*) 2k — v ()], > 0.

By Lemma 3.1, we have

[V (a") = (@) 2" — 2" + ("))
=(lz" = VO (")]y — [o* = V)T (@ - 2"~ VE(F))1) > 0.

Adding the last two inequalities, we have
V()T (2% — r(2) — 2] + [V (b)) = r(@®)) [z — 2F +r@*)] >0,
that is,

[V (") = V(@) (" = a®) + [VE(") = V()] (") = (" =) Tr(a") = |r@=")]* > 0.

Thus,
[V (") = V() (" —a7)
<[V (*) = V(@) r(z") + (@ —2)Tr(a?) — ("))
<[V (*) = V()| + [Ja* = 2*[]]lr(=")]
<(2Co + 1)[|l2* — a*||[|r(«®)]|.
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Notice that

(VO (") — V()] (" — o)
=@ —a")T[U (" —2") + O(||2* — 2*[?)]

Therefore, we obtain that

1 . .
ﬁllw’“ —a*|? < (2Co + V)| — ||| (=")]].

Let C' = 2Cy(2C) + 1), we have immediately
[a* — 2*|| < Clr(®)]],
which completes the proof of the lemma. O

Lemma 4.5. Assume that {x*} is an infinite sequence generated by Algorithm 3.1 and z* is
an accumulation point of it. Suppose that Assumption 2.1 is satisfied. If all U* € OV (z*) are
positive definite, then for every subsequence {x*} converging to x*, we have

VU(*)a,, = UL, 4, (@ —a") + O(lla™ — "), (4.9)
(d3)ay, = = (@ —a")a,, +O(z* —27|]?), (4.10)
(R (1))a,, = =@ —2")a,, +O(|z* —2"|?), (4.11)

for all 2% sufficiently close to x*, where U* € VU (2*) and Ay, = {i : 2¥" > 0 or VU (a*); <

0}.
Proof. By Lemma 2.1, we have

V(@) = V(") + U (@ — %) + O(||lz™ — 2*]?).

Let
L={i:V¥(*); >0}, ILy={i:z] =VU(z*);, =0}
and
Is={i:zf >0, and VU(z*); = 0}.
Thus,

V(@ ) pur, =VU(e") pur + Upiog, (2" — 27) + O(||2" — 2*||?)
* ki i * N *
=V (") ur + Ulun, nur (% = 2%)pur, + O([la* —2*|1%), (4.12)
where Ulk;u Is is the submatrix of U* whose rows are indexed by I» U I, and columns are the

same as U¥. Notice that if 2% is sufficiently close to z*, V¥(x*); > 0 for all i € I; and
zF > 0 for all i € I3. We recall Ay, = {i: 2% > 0 or V¥(z*); <0} and denote

Ay, = {1, ,nP\Ay, = {i: 2} =0 and VI(z"); > 0}.

i
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Then we have I; C Ak% and I C Ay, C I, U I3 for all xki sufficiently close to x*. Here, it
follows from (4.12) that

V(2P 4,

i

=VU(a")a,, +UR, pon (@ — 2 ) nor, + O(2 — 2 |1)
=VU(a*)a,, + UL 4, (@ —a*)a, + Ol —2°|?).

Notice that V‘I/(x*)Aki = 0, we have immediately,
V() a,, = UL 4, (@5 = a")a,, +O(la® —a*|?).
By local Lipschitz continuity of T;(x), we have

(m+1)n
Uk =(Vg) Vg + (VE)TVE + Y Hi@M) L)
=1
=(Vg") TVt + (VE)TVE + O(llah —a)
=W 4 O(|l* —a7|).

Then, from (3.1) and (4.7)-(4.8) we can obtain that
(dN)ay, = = (@ —a")a,, +O(la* —2*|?).
Furthermore, it follows from last equality that

(@), + (d§)a,, = @, +O(||2" —a*|%).

Thus,
(@), = + dfp)a ) = (),
=(lah, ]+ — (@) ay,) + ([, +O(lz" —a*|*)]4 — [2%, ]+)
=~ (@™ —a%)a,, + O(|2" —z*|?),
which completes the whole proof of the lemma. O

The following lemma shows that under the conditions of Lemma 4.5, the project Gauss-
Newton direction is chosen as the search direction of Algorithm 3.1 and the search stepsize is
one.

Lemma 4.6. Suppose that the conditions of Lemma 4.5 hold. Then, we have
(i) d*(1) = —(z" —a*) + O([la™ — 2*[?);
(i) afit =2k 4 dFi(1).
Proof. (i) Notice that [dFi (1) — d_’;}'(l)]gki =0, it follows from (3.5) that
b=[V¥(a™) + Whdy ()] [de (1) — dy (1)]
[V, W, A (1), 71 (1) — B (D],
From Lemma 4.5 we can deduce that

V() + Wi 4, dy(Day, = 02" —2™|%)



A Feasible Semismooth Gauss-Newton Method for Solving a Class of SLCPs 215

and

Ilde; (1) — di (V)] a,,
<|ldg — dy]a,|
= =, VE(™) a,, = [-(@" = 2%)a,, +O(|z™ — )]
<(Co+ D™ = a™)a,, Il + O(la™ — 2*[|?).

Hence, we have b = O(||z* — z*||?). On the other hand, since

HV‘I’@]“)?;,% (d?\;)Akl nvq’(fki)?;ki (d?\;)Akl

0< Vie; < - ) >~ = - s
VW (k)2 VW (2Fi) a,, |2

we can deduce that

ks (1) — dh, V(M) a,, =ld5 )]V, [d5]5, VO,
> IV (), |2 d51G, V@),
>(n - DIdy)5, VU(*)a,,
=(L— )V, (Wh )V A,

1—n
Z—a VO (") a,, |- (4.13)
0

Hence, by Schwartz inequality, we have

. . 1—n v
a (1) - df == IV Ut a, |
0
=Cillz* = 2"| + O(la* — 2 |),

where Co = (1 —1)/Cy > 0. Notice that [d} (1) — dyi]a,, = O([|" — z*||?). Thus,

Ilde; (1) — dy ()] a, I

=[l[de; (1) — dia,, I* = 2[de; (1) — dija,, [dy (1) — dila,, + [I[dx (1) — dila,, |I°
>CF|a® — a*[* + of[Ja* — 2*||?). (4.14)

From (3.4) and (4.14), we get

a =[dk (1) — d§ (D15, W 4, 105 (1) — d5 (D)4,

i

]' Tk Tk
=T ldei (1) = dn (D] a,, I
> G llz* — 2|1 + o([l® —a*|?),
—2Cy

which implies,

bi ki *
2 = Ok — ).

Hence, we have
ti, (1) = O(l|lz™ — 2*|)).
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Notice that d*i (1) = t,*gi(l)czg" () +[1- t;qy(l)]ci’;}'(l). Then by Lemma 4.5 we obtain that

d*i (1) =dy (1) + i, (1)[dg (1) — dy (1)]
== (" —2") + O([la* —2*||?), (4.15)

which proves (i).
(ii) Since d*i(1) = tzi(l)dlg(l) +(1- tzi(l))cf;}'(l), we have

VU (") T (1) — dgi (1))
=[th, (1) = VU (")}, [de (1) — dy(1)]a,,
=[t;, (1) = VUG, [(d (1) = dy (D)a,, +O(lz" = 2*|*)]
=[tr, (1) = UV ()], [dg (1) = dy (Dla,, +ollla™ —2*||?), (4.16)
By (4.9) we have
IV (™), P = C% lz™ — 2|1 + o(ll2™ — "]1%). (4.17)

From (4.13) and (4.17) we get

1. ) 1-—
VU, (@) - dila, 2"

e = |+ ofl® — a3 (418)

Using (4.16), (4.18) and t; (1) = O([|z** — z*||), it is not difficult to see that

ki ki * 1- U * *
V(R T (1) = dgi (1)] < [t,(1) = 1] B [[a® —a*||* + o([l* — 2*||?). (4.19)
Further, we have

= V() Tdh (1) = =) I, (1)dg (1) + (1 - ¢, (1)dy (1]

=~ t;, OV (™)L, dg (D]a,, + [t5, (1) = JVE(*)G, [(dX)a,, + O™ —a*|?)]
=[1 =5, IV )R, (WA 4, ) VEE)L, +o(lla™ — o)
L—t;. (1)

=@ lz™ — 2| + o(llz* — 2|1%). (4.20)

By (4.15) we know that

b dRi(1) — ot = O(||2b — 27)?). (4.21)
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It follows from (4.19), (4.20) and (4.21) that

U2k 4 dM (1)) — U(2")
=VU(z™)Td" (1) + O([la™ — 2*||)
ZUVW(xki)Td’E(l)+0VW( DT1d (1) - dgi (D)
+ (1= o) V(") Td" (1) + O([la* - 27|?)

(

1—
<oVEE)TaG () +olty, (1)~ 1] o = 27|
1—1¢5 (1) . v .
(1= o)l =" + O(la™ — 2|2
0
o 1—1¢5 (1) v ) .
=V (") dg (1) = —z— (L= om)e* — | + O(la™ — 27 |)
0

<oV (z")T d(1).
Therefore, we can deduce that
(ki 4 d¥ (1)) < U(2h) + oV (") T dfi (1)
for all z* sufficiently close to z*, which implies that
kit = gk 4 gki(1).
So far, we have proved (ii). O

Now, we come to prove that the sequence {*} generated by Algorithm 3.1 is quadratically
convergent under suitable conditions. We have the following theorem.

Theorem 4.2. Suppose that the conditions of Lemma 4.5 hold. Then, the sequence {z*} gen-
erated by Algorithm 3.1 converges Q-quadratically to x*.

Proof. Let {x*} be any subsequence converging to z*. Then, by Lemma 4.6, we have
ket — | = fleb + a5 (1) — 2*)| = Ola — 2*|)
for all 2% sufficiently close to z*. This implies that

||1.k7i+1 o :L'k

Rt g% + [|la™ — 2| = 0 as k; — 4oo0.

Since z* is a stationary point of (2.11) if and only if z* = [x* — AV (2*)]; for any A > 0, then
by Lemma 4.4 we know that z* is an isolated stationary point of (2.11). Thus, it follows from
Proposition 8.3.10 of [12] that {z*} converges to z*. Combined with Lemmas 4.5 and 4.6, we
obtain

|2+t — 2| = [l2* + d*(1) — || = O(|2* — 2*|]?)

for all z* sufficiently close to x*, which completes the proof. O
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5. Numerical Experiments

In this section, we will report some numerical results. The test problems are randomly
generated. The procedure to generate a test problem of monotone SLCP (1.4) is from [7,16].
We recall the procedure as follows. Suppose that

1 .
pjz’P{ijQ}:E, j=1--- ,m.

Procedure 5.1.

Step 1. Generate a diagonal matrix D whose elements are determined as

1/1/7 ] = ]-7
Djj=q v, j=2,-,n-1,
v, ]: n,
where v >0 and Aj, j =2,--- ,n— 1, are uniform variate in the interval (—1,1).

Step 2. Generate a random matriz S. By using the singular decomposition of the random
matriz S, we obtain a random orthogonal matriz U € R"*™. Let M = UDUT .

Step 3. Generate m random matrices B € R7%", i =1,--- ,m, whose elements are in the
interval (0,1). Let

M" = M(w;) = M +c3(B* — B™ ), i=1,--- m,

where cg > 0.

Step 4. Generate a random vector T € R such that ny(< n) elements are in the interval
(0,¢1), c1 > 0, and all the other elements are zero. Let J = {i : &; > 0}.

Step 5. For each i = 1,---,m, let n; be the number of elements in the index set I; =
{j %, =0, [M(w;)T + q(wi)]; > 0} and let nx be the number of elements in the index set
ICi = {] : i’j = 0, [M(wz):f + q(wz)]J = 0} Let

_ (—Ml:a_c)j, . jeK;,
q; = [q(wi)]j = (*M’LQ_L‘ + C3uzl)j7 ] S ja
(=M'z+cqu’);, jeIL,
where c3,cq > 0 and u® € R™ is a random vector whose elements in the interval (0,1).

We can easily see that for the test problem generated by Procedure 5.1, if ¢ = 0 then T
is a solution of (1.4) and also a global solution of (2.11) with ¥(z) = 0. If ¢3 > 0, Z is not
necessarily a solution of (1.4) and the test problem may have no solutions.

In general, problem (1.4) has no solution. A measure of optimality and feasibility for (1.4)
has been proposed in [7] and employed by [16]. We recall the definitions as follows. Let

I'(x) := Op(z) + Fe(z), (5.1)

where

Op(z) = Z:cT[M(wi):c +q(w)]y, T ERT, (5.2)
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Table 5.1: Comparison of Algorithm 3.1 and the AFSN for some SLCPs with c¢3 =0

Problem Algor. 3.1 AFSN
(n,na, c2,c3,le) Fe(zh) Op(zt) Iter CPU Fe(x?) Op(z?) Tter CPU
(30,10, 20,0, €) 1.11E-12  1.27E-11 4.0 0.0170 | 2.27E-08 2.98E-07 10.0 0.0252
(30,10,20,0,10e) | 4.86E-12 5.53E-11 4.0 0.0172 | 2.90E-09 3.68E-08 13.0 0.0293
(30,10,20,0,20e) | 8.13E-12 1.05E-10 4.0 0.0212 | 9.35E-09 1.34E-07 13.0 0.0306
(30,10,20,0,30e) | 8.41E-12 9.07E-11 4.0 0.0174 | 4.45E-09 5.68E-08 14.0 0.0322
( )
( )

30, 10, 20, 0, 40e 2.13E-12  2.51E-11 4.0 0.0137 | 1.78E-09 2.42E-08 14.0 0.0368
30, 10, 20, 0, 50e 3.51E-12  4.01E-11 4.0 0.0197 | 8.66E-09 1.10E-07 14.0 0.0340

(90, 30, 20,0, ¢) 1.67E-12  3.36E-10 4.0 0.2347 | 2.93E-09 7.15E-08 11.0 0.2879
(90,30,20,0,10e) | 9.92E-13 2.23E-11 4.0 0.2034 | 9.94E-09 2.11E-07 13.0 0.2989
(90, 30,20,0,20e) | 8.17E-13 1.75E-11 4.0 0.2038 | 1.08E-08 2.34E-07 13.5 0.3100
(90, 30,20,0,30e) | 1.56E-12 3.78E-11 4.0 0.2258 | 8.77E-10 2.12E-08 14.0 0.3407
(90, 30,20,0,40e) | 1.24E-12 2.69E-11 4.0 0.2013 | 9.06E-09 2.02E-07 14.0 0.3394
(90,30,20,0,50e) | 1.49E-12 3.21E-11 4.0 0.2077 | 1.31E-08 3.07E-07 14.0 0.3621

(150, 50,15, 0, €) 1.56E-12 4.41E-11 4.0 0.6977 | 3.46E-08 1.04E-06 11.0 0.8211
(150,50,15,0,10e) | 1.41E-12  3.94E-11 4.0 0.9187 | 1.37E-11 4.11E-10 13.0 1.0693
(150, 50,15,0,20e) | 2.08E-12  6.27E-11 4.0 0.7406 | 2.89E-08 8.82E-07 13.0 0.9952
(150, 50,15,0,30e) | 2.25E-12 6.48E-11 4.0 0.7299 | 2.96E-09 9.62E-08 14.0 1.0280
(150, 50,15,0,40e) | 1.33E-12  3.89E-11 4.0 0.7647 | 6.12E-09 1.88E-07 14.0 1.1009
(150, 50,15,0,50e) | 1.21E-12  3.16E-11 4.0 0.7129 | 9.61E-09 3.09E-07 14.0 1.0239

Table 5.2: Comparison of Algorithm 3.1 and the AFSN for some SLCPs with c3 > 0

Problem Algor. 3.1 AFSN

(n, ne, c2,c3,le) Fe(zh) Op(zt) Iter CPU Fe(z?) Op(z?) Iter CPU

(30,10, 20,10, €) 1.22E-02 5.45E+402 8.0 0.0619 | 2.42E+4+02 2.54E4+03 100 0.4978
(30,10,20,10,10e) | 1.01E-02 4.92E+02 8.0 0.0556 | 2.32E+02 2.20E4+03 100 0.5303
(30,10,20,10,20e) | 1.25E-02 5.28E+02 8.0 0.0342 | 2.06E+02 2.22E403 100 0.5292
(30,10,20,10,30e) | 8.90E-03 5.12E+02 8.0 0.0365 | 2.28E+02 2.25E403 100 0.5109
(30,10,20,10,40e) | 1.19E-02 5.57E+02 8.0 0.0413 | 2.41E+02 2.69E4+03 100 0.5171
(30,10,20,10,50e) | 1.21E-02 5.25E+02 8.0 0.0459 | 2.13E+02 2.20E403 100 0.5753

(90, 30, 20, 10, €) 1.24E-02 1.62E403 8.0 0.5206 | 6.71E402 1.17E+04 100 4.4764
(90, 30,20,10,10e) | 1.06E-02 1.50E+03 8.5 0.4133 | 6.96E+02 1.10E404 100 4.6689
(90, 30,20,10,20e) | 1.07E-02 1.57E+03 9.0 0.4099 | 7.17E+02 1.19E404 100 4.6406
(90, 30,20,10,30e) | 1.15E-02 1.57E+03 8.0 0.3093 | 6.96E+02 1.14E404 100 4.5007
(90, 30,20,10,40e) | 1.14E-02 1.60E+03 8.0 0.3633 | 6.93E+02 1.20E404 100 4.7189
(90, 30,20,10,50e) | 1.20E-02 1.52E+03 9.0 0.4110 | 6.02E+02 1.00E404 100 4.5162

(150, 50, 20, 10, €) 1.07E-02 2.67E4+03 8.5 1.2304 | 1.19E4+03 2.55E4+04 100 12.489
(150, 50, 20, 10,10e) | 1.14E-02 2.57E4+03 9.5 1.5679 | 1.21E4+03 2.50E+04 100 12.379
(150, 50, 20, 10, 20e) | 1.16E-02 2.57E4+03 9.0 1.7362 | 1.12E403 2.33E+04 100 15.638
(150, 50, 20, 10, 30e) | 1.04E-02 2.62E4+03 8.0 1.3889 | 1.21E4+03 2.54E+04 100 12.921
(150, 50, 20, 10,40e) | 1.09E-02 2.59E4+03 9.0 1.5000 | 1.19E4+03 2.50E+04 100 13.349
(150, 50, 20, 10,50e) | 1.16E-02 2.54E4+03 9.0 1.7380 | 1.16E4+03 2.15E+04 100 13.326
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and

Fe(x) = ||min{0, M(wi)z + q(wi)}|, € R} (5.3)
i=1

Here, the function Op(x) is a measure of optimality and Fe(x) is a measure of feasibility.

We implemented Algorithm 3.1 by our programm codes in Matlab 7.9. All these problems
were done at a PC with Intel(R) Core(TM)2 Duo CPU P7350 @ 2.0GHz and RAM of 2GB.

Parameters cy, ¢z, c3,¢4 and p are needed to generate the problem. A vector € R’} is
randomly generated. The generated expected matrix M is positive definite.

We make a comparison between the Algorithm 3.1 and the AFSN method in [16] on some
problems with c¢3 = 0 and c3 > 0. For each problem, the starting points are taken as z° = le,
where [ =1, 10, 20, 30, 40, 50, e = (1,1,---,1). The problems are generated with

c1 =20, ¢4 =15, v=10.

We set m = 100 and n = 30,60 and 150. The other parameters used in Algorithm 3.1 are as
follows:

n=09, p=05 o0c=10"2 a=10"1.

The iteration is terminated if

max {|z;¥(z");|} <107% and ngnlagﬁﬂ([v\ll(xk)]f)J} <1079,

i<i<n
or
kmaz = 100.

For each starting point, we generate ten problems and present the average values of the
function Fe(x) and Op(z). In addition, the CPU time and the number of iterations are also
the average values of these ten problems.

In Tables 1 and 2, 2! and z2 are the computed solutions of Algorithm 3.1 and the AFSN,
respectively. Iter denotes the number of iterations. CPU records the CPU time in second for
solving each problem.

The results reported in Tables 1 and 2 indicate that Algorithm 3.1 may yield a solution in
a smaller number of iterations and less CPU time than the AFSN. In addition, we can also see
that most of Fe(z') and Op(x!) are smaller than Fe(x?) and Op(z?), respectively. Notice that
the fact that H(z,y) = 0 has a solution is necessary for quadratic convergence of the AFSN [16].
Whereas it follows from Theorem 4.2 that the Q-quadratic convergence of Algorithm 3.1 does
not depend on that Eq. (2.4) has a solution, from which we can conclude that the conditions for
the locally Q-quadratic convergence of Algorithm 3.1 is weaker than that of the AFSN in [16].

Notice that problem (1.4) has no solution for ¢z > 0. Then, the Q-quadratic convergence
of the AFSN does not hold when ¢3 > 0. In fact, we can find from Table 2 that Algorithm 3.1
can yield a solution in no more than 10 iterations, whereas AFSN always stops at maximum
number of iterations k4, = 100. Comparing with AFSN, we can conclude that Algorithm 3.1
yields a reasonable solution with higher safety and within smaller number of iterations based
on these numerical results in Tables 1 and 2.
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