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Abstract

Adaptive finite element methods for optimization problems for second order linear el-
liptic partial differential equations subject to pointwise constraints on the £2-norm of the
gradient of the state are considered. In a weak duality setting, i.e. without assuming a
constraint qualification such as the existence of a Slater point, residual based a posteri-
ori error estimators are derived. To overcome the lack in constraint qualification on the
continuous level, the weak Fenchel dual is utilized. Several numerical tests illustrate the
performance of the proposed error estimators.
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1. Introduction
In this paper we study the state constrained optimal control problem

minimize J(y,u) = 3lly — vall§ o + §llullf over (y,u) e V xU
subject to Ay =wu+ fin V*, (P)
|[Vy| < a.e. in €,

where Q C R", n € {1,2,3}, is an open, bounded domain with boundary I' := 9Q, V := H}(Q),
U=L*Q), ya € L*(Q), a >0, A: V — V* denotes a self-adjoint second order linear elliptic
partial differential operator, f € L?(Q), and ¢ € L?(2) with ¢ > P a.e. in Q for some ¢ € R .
Here and below ||||g.q refers to the standard L?(2)-norm. In (P) we have |||y = ||*|lo.o. We call
y the state and u the control. Of course, more general objective functionals are conceivable,
but our choice reflects the often considered tracking-type objective involving a desired state
Yd4, which may result from measurements, and control costs a. Moreover, convex quadratic
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objectives and affine partial differential equation (PDE) constraints such as those in (P) appear
naturally in sequential quadratic programming approaches in optimization.

Pointwise constraints on the gradient of the state, as imposed in (P), are important, e.g.,
in material science in order to avoid large material stresses. Such stresses may arise from
unbalanced cooling regimes in transient phenomena and/or due to the geometric structure of
the underlying PDE domain. Usually large stresses cause adverse effects in the material leading
to reduced life time or other deterioration. Geometric features of the PDE domain such as cracks
or re-entrant corners play also a crucial role in stationary cases in elasticity, where stresses are
usually high at the crack tip or the re-entrant corner of, e.g., an L-shaped domain. Thus, it
might be desirable to exercise some control in order to reduce these potentially adverse effects.

Even in situations where the PDE domain is smooth, from an optimization theoretic point
of view pointwise constraints on the state lead to poor multiplier regularity when characteriz-
ing first order optimality by means of a Karush-Kuhn-Tucker (KKT) system. Corresponding
theoretical studies can be found in [7-9]. For the derivation of such a KKT-system it is com-
monly invoked that the feasible set of the optimization problem (like (P)) admits a so-called
Slater point. In connection with (P), this requirement results in a function space setting of
V= W2 (Q) N HY(Q), with r > n, for the state space and U := L"(Q) for the control space.
This yields Vy € C(Q)" which is needed for the existence of a Slater point.

For pointwise constraints on the gradient and less regular domains (like cracked domains
or L-shapes) such a high regularity of the state is out of reach [14]. Hence, the derivation of
a primal-dual first order optimality characterization cannot rely on standard tools requiring
a constraint qualification such as the existence of a Slater point. As a consequence, one may
need to work under a weaker first order condition, i.e., without a bounded set of multipliers
associated with |Vy| < ¢ a.e. in . We also note that the domain and the bound v have
to be compatible in order to yield a non-empty feasible set of (P). For example, requiring
¥ € L>*(Q) in the presence of a crack, which, however, rules out L>-regularity of the gradient
of the solution of our PDE with L?(£2)-right-hand side, causes an incompatibility and, thus, an
empty feasible set. In such cases the optimization problem (P) is void. Hence, throughout this
paper we assume that such a data compatibility holds true, i.e., we may assign a well-defined
solution operator G : V* — V to the PDE in (P).

Adaptive finite element methods have been widely and successfully used for the efficient
numerical solution of boundary and initial-boundary value problems for partial differential
equations; see, e.g., the monographs [1,3,4,13,23,26] and the many references therein. Recently,
residual based a posteriori as well as dual-weighted residual based goal oriented estimators for
PDE-constrained optimization problems with pointwise constraints on the control or the state
were studied; see, e.g., [5,17-19, 21,22,27]. Concerning constraints on the gradient of the
state, however, the present literature is rather scarce; here we refer to recent a priori estimates
in [11] based on a certain mixed finite element approach, and to [15]. Compared to pointwise
constraints on the state, i.e., y < ¥ a.e. in €2, gradient constraints involve the gradient operator,
which has a non-trivial kernel, and require very smooth, i.e. C*(Q), states in order to guarantee
a constraint qualification, such as the existence of a Slater point. Both aspects trouble the
existence of a bounded set of Lagrange multiplier with the latter preventing practically relevant,
non-smooth PDE domains, as pointed out above. This also has an immediate effect in the a
posteriori error analysis as one has to avoid explicit use of a Lagrange multiplier.

In the present paper we are, thus, interested in developing reliable residual based a posteriori
error estimators for an adaptive finite element discretization of (P). In particular we study the
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case of non-smooth domains such that the Slater condition fails to hold due to poor state
regularity. In Section 2 we use a state-reduced approach and tools from convex analysis for
deriving a first order optimality characterization. Due to the lack of a constraint qualification,
the existence and boundedness of Lagrange multipliers cannot be expected in our setting. In
order to get some insight into existence and regularity of multipliers we study the Fenchel dual
of (P). Then, in the subsequent Section 3, we investigate a discrete version of (P) and its
dual. Section 4 is devoted to residual based a posteriori error estimators for adapting our finite
element discretization. The final Section 5 contains a selection of numerical tests showing the
efficiency of our estimators.

Notation. Throughout this paper we use bold face characters for vectors or vector-valued
functions or measures. Similarly, for function spaces such as L*(Q)" we use L*(Q) = L*(Q)".
For two Banach spaces By and Ba, £(B1, Bs) represents the space of linear, continuous operators
from B; to Bs. If B = By = By, then we write £(B) instead of £(B, B). Adjoint operators
and dual spaces are denoted by superscript **’. The indicator function of a set S is written as
I's and satisfies Is(s) = 0if s € S and Ig(s) = +oo otherwise. By ||-|/o,o and (-, -)o,o we denote
the standard L?(Q)-norm and L?(Q)-inner product. In a slight misuse of notation we use the
same symbols for the norm and inner product in L(Q). By | - | we denote the Euclidean norm
of a vector in R™. Weak convergence is denoted by — and weak* convergence by —. Further,
‘a.e.” stands for ‘almost everywhere’.

2. Optimality Characterizations, Dual Problem, and Weak Solutions

As pointed out in the introduction, without a suitable constraint qualification, such as
the existence of a Slater point for the pointwise inequality constraint, Lagrange multipliers
for characterizing first order optimality may fail to exist. Here, in our rather weak setting
without Slater points, we pursue two directions: on one hand, we study a primal optimality
characterization based on a state-reduced problem and the normal cone of the convex feasible
set, and on the other hand, utilizing the technique of [12] we study the Fenchel-dual problem
of (P).

2.1. Optimality characterization

Let V with V C V € L%() be a reflexive Banach space. We assume that G : L2(Q) — V
is the invertible operator associating with a given u € U the solution y = y(u) of Ay = u + f
in L2(€2). Its existence is guaranteed by a data compatibility assumption. This allows us to
express u in terms of u = G~ 1y — f. Inserting this relation into (P), we obtain the state-reduced
problem
minimize J(y) + Iz (y) overy eV, (P)
where j(y) = J(y, Gly — f) and the closed convex set K C V is given by
K= {v eV : |Vu| <9 ae. in Q}
Note K is nonempty, and that J (+) is a closed convex and proper functional. Further, J(, Gt
—f) is continuous at yo = 0 € K. Like (P), (P) admits a unique solution y € V. Hence, [2, Thm
9.5.5] yields that the optimal solution y satisfies
0=Jy) +w
= Jy(y, G ly — )+ G Ju(y, Gy — f) +w for some w € Ny (y). (2.1)
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Here, N (y) denotes the normal cone of K given by
Ni(w)={€€V* i (€2 =gy <Oforall ze K}, (2.2)
Applying G* to (2.1) we obtain
0=G*J'(y) +CG'w=GC"J,(y,G" Yy — f) + Ju(y, Gy — f) + Gw. (2.3)
In order to get an amenable representation for (2.3) we define
pi=G"1,(y, Gy — f) + G w € L*(9Q).
This yields the adjoint equation
Ap— J,(y,G 'y — f) —w=0in V* (2.4)

and (2.3) becomes
p+Ju(y, Gy~ f) =0. (2.5)

We call p the adjoint state associated with (2.1). Utilizing Ay = u+ f, we summarize our above
findings.

Theorem 2.1. The optimal solution (y,u) € V x L?() of (P) is characterized by the existence
of a unique pair (p,w) € L*(2) x V* satisfying

Ay—u=f in L*(Q), (2.6)
Ap—y—w=—yqg inV* (2.7)
p+au=0 in L*(Q), (2.8)
we Ng(y) C V™, (2.9)

with the normal cone Ny (y) defined by (2.2).

Note that Theorem 2.1 does not provide further insight into structural properties of the La-
grange multiplier associated with the constraints in K. For this purpose and later use in the
discretized setting we switch to the Fenchel dual of (P). Before we commence with studying
the dual, we briefly discuss Theorem 2.1 in the smooth setting V = W27 (Q) N H}(Q) with
r > n which was considered in [8]. In this case there exists a so-called Slater point, which is
a feasible point of (P) such that there exists § > 0 with [V (yo 4+ y)| < ¢ in Q for all feasible
y € B><(0;9), where B><(0;d) denotes the ball of radius § about 0 in C(Q). In fact, ug = —f
and yo = 0 with [Vyo| < ¢ <4 in  defines such a Slater point. Under these assumptions, the
existence of a Lagrange multiplier g in M(f2), the space of regular Borel vector measures on
€, is deduced in [8] such that w in our setting may be identified with — div p.

2.2. Dual problem and weak solution

For the derivation of the dual we remain, for the time being, in the general setting of (P)
and use the solution operator G : V* — V associated with the PDE in (P). As for G before,
its existence is guaranteed by a data compatibility assumption. This allows us to rewrite (P)
in control-reduced form as

inf F(u) + G(Au) overueU (2.10)
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with
F:U—=R, F(u)=J(Gu,u), (2.11)
G:L*(Q) =R, G(q)=Ik(a), (2.12)

and
A:=VG, A:L*9Q)—L*Q), (2.13)

where Ik (-) denotes the indicator function of the convex set
K= {w cL*(Q) : |w| < ae. in Q}
The convex conjugate of F, denoted by F*, is defined by
F*(u*) = sup {(u*,u)O,Q —F(u) : ue U};
analogously for G*. For our particular choice of F we easily verify
Fow) = 5l +Gyatafl, (214)

where M = G*G + aid with id denoting the identity, and ||-[|2,-, = (M ~'+,-)o,o. Observe that
| - 113,-1, indeed, defines a norm on L?(€2) since the Fredholm-operator M : L?(2) — L*(Q2)
is positive-definite and admits a uniformly bounded inverse, which is positive-definite as well.
The convex conjugate of G is

¢MU=LwWMx (2.15)

Indeed, we have G*(q*) = sup{(q*,q)o.0 — Ix(q) : q € L*(Q)} which implies 0 € q* — Ik (q).
This is equivalent to

(@, r—q)oa < Ix(r) — Ix(q) foralreK. (2.16)
Since q € K we consider, for all r € K, the following two cases:
(i) |g*| = 0. We immediately obtain G*(gq*) = 0.

(i) |g*| > 0. In this situation we have (q*,r —q)o,o < 0 for all r € K, from which we deduce

(@, r)o,0 < (4", q)o,0 < /Qw |q*| dx.

On the other hand, choosing r* = ¥q*|q*|~! we have |[r*| < ¢ a.e. in Q and further

(@, a)o0 > (a@",r")o,0 = /S Vg dx.
)
In conclusion, we obtain
0'(a") = [ vla|ax.

Summarizing both cases (i) and (ii), we infer (2.15). Using [12, Chap. III] and recalling (2.13),
the dual of (2.10) is

sup —F*(A*q*) — G*(~q") over q* € LX(Q). (2.17)

The above statements prove the following result.
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Proposition 2.1. The Fenchel-dual problem of (P) is given by
inf §||G (V' +ya) +afl3— -|-/ Y lpldx  over p € LA(Q). (D)
Q

Note that compared to (2.17) we write (D) as a minimization problem, we use G*V* = A* :
L?(Q) — L*(Q) and q* = p. Below it will turn out that g is related to the Lagrange multiplier
associated with the pointwise constraint in K.

Next we study stability of (2.10) respectively (D). A typical stability criterion for (2.10)
is the existence of a point ug € U such that F(ug) < 400, G(Aug) < 400 and such that G is
continuous at Aug. While the first two conditions appear to be unproblematic in our setting,
with respect to the latter we have that G = Ik is only continuous at Aug if Vg € C(Q) with
Yo = G(ug + f) and |Vyo| < ¢ — 7 in Q for some 7 > 0, i.e., yo is a Slater point. Then one
deduces from the chain-rule for convex mappings [12, Chap. I, Prop. 5.7] that

Ak o (V o G))(u) = G*V* Ik (G(u))

and the existence of a Lagrange multiplier u € M(S) associated with |Vy| < ¢ in Q; see [8].
Such a (high) regularity requirement for the state space, however, rules out practically relevant
domains with, e.g., re-entrant corners, which are admitted in our general problem setting.

Now we are interested in stability of the dual problem (D). In fact, it is straight forward
to conclude that F* and G* are continuous on L?(£2) and that there exist points where both
functionals are finitely valued. Hence, by [12, Chap. III, Thm 4.1] (D) is stable and (with a
slight misuse of notation)

inf (P)=sup (D). (2.18)

Further we conclude that (P) has a solution. Note that this result does not imply a solution of
(D).

Let us assume for the moment that (D) would admit a solution pu € L2(£2). Then, by first
order optimality, we obtain

0€ VGM ™ (G*(V*u+ ya) + af) +¢0|p|. (2.19)
Defining the quantities
y=Gu+f)evV, (2.20)
wi=M""(G* (V' +yi) +af) — f € L*(Q), (2.21)
p=G"(y—ya—V'u) eV, (2.22)

we get the relation

0=(G"G+aid)(u+ f) =G (V'u+yq) — af
=G"(y—ya— V') +au=p+au, (2.23)

which yields a regularity gain of u. From (2.19) we conclude
—Vy € ¥|ul. (2.24)

We recall that d|p| = {£ € L2(Q) : & (v —p) < |v| — |p| for all v € L2(Q)}. Thus, choosing
first ¥ = 0 and then v = 2u, (2.24) yield

Vy - pu=1v|pl. (2.25)
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Moreover, from the definition of the subdifferential of | - | we conclude
[Vyl =4 if |u| >0 and |Vy| <y if |u/=0 ae. in Q.
From this we infer the complementarity relation
[Vy| <v¢ and (|Vy| — ) |pu| =0 a.e. in Q. (2.26)
Alternatively, using the definition of 9| - | and (2.24), (2.26) may be written as
(@— Vy,m)oa <0 forall g€ L*(9), |q] < ae. in Q. (2.27)

Observe that (2.20)—(2.23) and (2.27) represent the first order optimality (or Karush-Kuhn-
Tucker) system for (D). Moreover, (y,u) be the solution of (P). The uniqueness follows from
the coercivity of ||ul|? in U.

A close inspection of the objective functional of (D), however, reveals that it lacks coercivity
in L2(Q) such that existence of a solution cannot be guaranteed. But due to the structure of
the objective we still have the following result.

Theorem 2.2. Let () C L%(Q) be a minimizing sequence for (D). Then there exist p €
M(Q) and a subsequence (py,) such that gy, 5o in M(Q).

Proof. Let (p;,) C L?(Q2) be a minimizing sequence, and note that we have

/wmwzg/umX
Q Q

with ¢ > 0. From this and since g = 0 is feasible for (D), we have that (u;) is bounded in
L'(Q). Hence, there exist g € M(Q) and a subsequence (k;) such that g, S pin M(Q). O

Finally we note that the dualization process may be performed for a tightened version of
(P) given by

minimize J(y,u) == Lly — yald + Sluldq over (y.u) € V x L3(9)
subject to Ay = u+ f in L3(), (P)
|[Vy| < ae. in Q,

Now we assume V € £(V,L2(Q)). The Fenchel dual associated with (P) reads
PSS R, R
inf 3G (V' ua) + aflfyo + [ wluldx over e L(@) (D)
Q

Let (p1;,) denote a minimizing sequence for (D). Then the invertibility of G : L2(Q) — V yields
the weak convergence of V*p,, — w in V* along a subsequence. This proves the following
result.

Theorem 2.3. Let (p,) C L2(Q) be a minimizing sequence for (D). Then there exists p €
M(R2) and a subsequence (1y,) such that py, Sopin M(Q) and V¥, — w in V*. Moreover,
the limit element w € V* satisfies
Ay —u=f in L*(Q), (2.28)
Ap+w—y=—yq, V", (2.29)
p+au=0 in L*(Q). (2.30)
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Note that (2.28)—(2.30) corresponds to (2.20)—(2.22) with V*pu replaced by w. However, the
limit process in Theorem 2.2 does not provide a limit version of the complementarity system
(2.26). On the other hand, in view of (2.27) and p € M(Q2), we expect the extension

(@ —Vy, m)m@)- Mm@ <0 forall g € M(Q), [q] <9 ae. in Q. (2.31)

As we pointed out above, V = W2(Q) N H}(Q) allows for Slater points. Since C(Q) D
WL (Q)N HL(Q) we have Vy € C(2) and obtain a multiplier u € M(Q) = C(Q)* for |Vy| < v
in Q. As M(Q) is not reflexive, a solution y € V satisfying Vy € M(Q)* (but Vy ¢ C()) and
(2.28)—(2.31) is called a weak solution of (P).

3. Discrete Problem and Duality

From here onwards we assume that A = —div(aV-) + d-, and that due to a non-smooth
domain Q we have V = W,""(€) for some 7 > 1. The dual of V is denoted by V* = W~15(Q)
with 771 4+ s7! = 1. Such an assumption is supported by the results in [14]. For convenience
we repeat the first order optimality system of Theorem 2.1 in a variational form. Below,
a(-,-) : V. xV — R denotes the bounded and V-elliptic bilinear form induced by A.

a(y,v) — (f+uw,v)o0= 0 for all v € W,"*(Q), (3.1a)
a(z,p) — (y—y% 2)0a — <w7Z>W*1:S,W01”“ =0 for all z € Wy (Q), (3.1b)
p + ou= 0, (3.1c)
w € Ng(y) C Whs(Q). (3.1d)

We proceed by discretizing (P), respectively (P). For this purpose we introduce the space
of linear finite elements

Vi = {vh € C*(Q)|vn, € H5(Q) is a linear polynomial on each T € 77L}

with the appropriate modification for boundary elements. Here 7, = 75,(f2) denotes a quasi-
uniform triangulation of Q with &, (D) denoting the set of element faces contained in D C 2, and
N3 (D) the set of nodal points contained in D. For T' € T, and E € &, we set hr := diam(T)
and hg := diam(FE). The maximum mesh size is h := max{hp|T € T,}. For vy € V}, the
quantity

[V’Uh . U]E = V’UhT ‘N + Vth, s

denotes the jump of the normal fluxes of v;, along the inter-element face E joining the elements
T and T, where 17 denotes the unit outward normal on 7. Throughout we suppose that € is
the union of the elements of 7}, so that element faces lying on the boundary might be curved.

The discrete approximation of the operator G is considered next. In fact, for given v € L2(2)
we denote by zp, = G (v) € V}, the solution of

a(zh,vh) = (’U,’l}h)o’g for all vy, € V.

Note that Gy : L?(2) — V}, is surjective. Moreover, by well known inverse estimates we have
for every vy € V" and s > 1
1Ghvkll8.0 = Cllvhly-1.c (3.2)
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with a constant C' > 0 independent of h. Observe that Vi =V and, thus, Gy, = Gy,. For each
T € Ty let zp € R™ denote a constant vector. We define

Cn:={zn: Q= R" : zpp =270 on T}, and Ky, := {z,, € Cy : |zpp| < ¢p, T € Tr},

where we set vy, 1= \%I fTw on T' € Tp. Observe that ¢ >4 > 0 in Q.

Employing the variational discretization scheme of [20] when discretizing (P), we obtain

60t 5llullfq overue L*(Q) :

{ minimize Jp(u) := %Hyh — Yd (Pn)

subject to yp, = Gp(u+ f) and Vy, € Ky,

Due to the convexity of (Ph) and the existence of a Slater point for Vy, € K; we obtain the
following result, which can readily be deduced from [28].

Lemma 3.1. Problem (Ph) admits a unique solution u, € L?*()). Moreover, there exist La-
grange multipliers pp € R™, T € Ty, and pn, € Vi, such that y, = Gp(up + f) is characterized
by

a(vn,pn) = (Yn = Yasvn)oa — Y Vo - pp =0 Yoy, € Vi, (33)
TETh
ph + oup, =0 in £, (3.4)
> (ar = Vywr) - pr <0 Van € K. (3.5)
TETh

Next we associate with p the function p;, € L?(2) through

(fsp)o,0 = Z fodx - pp for all f € LQ(Q).

TETh

Then, Ky r = K, and since p;, € L2(2) the negative weak divergence of u,, - as an element of
W=15(Q) - is given by

<7V*“h’v>W71*S,WOI'T = (Y, py)o.q for all v € Wy ().

Using this definition, the system (3.3)-(3.5) may be reformulated as

a(Yn,vn) — (f +un,vn)oo = 0 Yoy, € Vi, (3.6a)
a(vhvph) - (yh - ydavh)O,Q + <V* : ll’hvvh>W—1,s’W&m =0 V’Uh c Vh N (36b)
pn + aup = 0, (3.6¢)
Z (anlr = Vynlr) - plr < 0 Vay € K. (3.6d)
TeTh ()
The Fenchel dual associated with (P,) reads
. 1 * * ~
inf SIGH(V -+ ) + af 3+ [ wnlinldx over € O, (Dn)
)

where M}, := GG}, + aid. For every h > 0, (ﬁh) admits a solution p,,, which together with
Up, Yn, Dr, satisfies (3.6). Furthermore, in analogy to (2.18) we have

min(Py) = max(Dy,).
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Moreover, since 0 is feasible for every (Dj,) we have

max{||p L, [Vpp w10} < C,

with a constant C' > 0 independent of the mesh size h. The latter estimate follows from (3.2).
Furthermore, we have the following representation of the discrete multipliers.

Lemma 3.2. Let uy, denote the unique solution of (Ph) with corresponding state y, = Gp,(up +
f) and multiplier (pur)reT,. Then we have

1
wr = |NT|%V@/}1|T for all T € Ty, (3.7)

Proof. Fix T € Tp. The assertion is immediate if p = 0. Suppose that g # 0, and define
qn: Q — R" by

Q7 _{ Vyhl\l/Tv T7éTa
R|T = F_
| Uniggy T=T.
Clearly, q5, € K}, so that (3.5) implies
7!
pr - (bh—= = Vypr) <0
|

Thus, since (Vyh‘T) € Ky, we find
T

€Thn
Unlpr| < pr - Vypr < nlpp|.

1
Hence, we obtain Hr _ ——Vyp i which yields the assertion. O

lwr|  Yn

As a consequence of Lemma 3.2 we immediately infer that

1
lpr| = ot Vypr for all T' € Tp,. (3.8)

4. Residual Based a Posteriori Error Estimator

We continue with an a posteriori analysis of our discrete problem. In order to prepare the
main result, our residual-type a posteriori error estimator is introduced next:

n o=y + 0, (4.1a)
1/r
o= (X wat X ome) (1.10)
TeTh(Q) Ec&n(Q)
1/s 1/s
Mp = ( Z 77;7T> +< Z nE,E) . (4.1c)
TeTh() E€&n(Q)

Here, ny 7, mp 1, T € Tn(§2), are the element residuals associated with the strong form of the
state and the adjoint state equations

Ny = hp |f +un+V-aVy, —dynllor (4.2a)
ner = hy lyn —y*+ V- aVp, —dpull§ s (4.2b)
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whereas 1y, g, 1y, stand for the face residuals

r r/2 T
mye = h e oVl (4.32)
s s/2 s
me = hY ve- (e — 0aVpale)ll3 s - (4.3b)
Our main result is stated next.

Theorem 4.1. Let (y,u, p,w) € Wy (Q) x L2(2) x Wy* () x W=15(Q) and (yn, un, pn, tty) €
Vi X Vi x Vi, x Cy, be the solutions of (3.1a)-(3.1d) and (3.6a)-(3.6d). Moreover, let n be the
estimator according to (4.1a). Then it holds that
ly = wallfar + llu—unllso S ng + 1wy — w0,y = vn)yw—re s + - (4.4)
ly = wullse + llu—unllde < ny + 1 = W,y = Yn)y—1e e (4.5)

The proof of Theorem 4.1 will be split into a series of lemmas. For the discrete control uy, €
Vi, and the discrete multiplier p;, € Cj,, we introduce an intermediate state y(uy) € Wy ()
and an intermediate adjoint state p(g;,) € Wy *(2) as the solution of

a(y(un),v) — (f +un,v)oo =0 Yo e Wy'(),  (4.6)
a(z,p(mn) — (n—y"2)oe + (VBy 21 yir = 0 Vze W)T(Q).  (4.7)

We start by estimating the error between the optimal state and its adjoint and the inter-
mediate state and adjoint, respectively.

Lemma 4.1. Let (yn, un,Ph, y,) € Vi X Vi, X Vi, x Cy, be the solution of (3.6a)-(3.6d) and let
(y(un), p(my)) € Wa"(Q) x Wy*(Q) be the intermediate states as given by (4.6), (4.7). Then
1t holds that

1/r 1/r
ly(un) = ynll1,r S(ZWQ,T) +( > n;,E) : (4.8a)
TET: E€EL(Q)
1/s 1/s
) = pals S (> mo) (X me) (4.8b)
TETH(R) EEbEy (2

Proof. We denote by Hglt) s Wht =V, for 2 < t < oo the Scott-Zhang interpolation operator
satisfying

o = < he [vll1epes T € Th(9), (4.92)
o =00 pm S Y [olheps,  E € (), (4.9b)

where Dy := | J{T" € Tr(Q) | No(T") "N (T) # 0} and Dg = J{T" € Tn(R?) | Np(T) N
Nu(E) # 0} (cf., e.g., [24]). The generalization of the Lax-Milgram Lemma (cf. Theorem 5.4
in [25]) gives

ly(un) = ynlir < H ﬁupqla(y(%) — yn, )| - (4.10)
vll1,s<

Since H;ls)v € V}, is an admissible test function in (3.6a),(4.6), we get

a(y(un) —yn,v) = aly(un) — yn,v — 070)
= (f"’Uh,'U—H;LS)'U)OVQ —a(yh,v—HS)v) . (4.11)
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Green’s formula and a straightforward estimation yield

a(y(un) — yn,v — T 0)
Z (f +up+V-aVy, — dyp,v — Hgf)v)o,T

TeTh
— Y e aVyle,v -1 0)0s
ECEn(Q)
S Z ”f + Up, + V . aVyh — dthO,r,T”'U — Hﬁls)’()”()’sﬁT
TE,Y-}L
+ Y Ive-aValelors o — T vl - (4.12)
Eec&n(Q)

)

The local approximation properties (4.9a),(4.9b) of H;LS give

ay(un) — yn,v — )

Z hTHf +up + A avyh - dyh”O,T',T”U”Ls,DT
TETh

+ Z h}E/Z HVE . [aVyh}E
Eec&L ()

/r
( > Bplf 4 un+ V- aVy, — Clyh||S,T,T)1 ( > v
TeTh TETh

(X W2 e wVadelss) (X ol

EG(‘:},,(Q) EGgh,(Q)

IN

o2 [|V]l1,5,Dp

IN

1
s /s
1,s,T

1/s

1/r

(o) + (X we) ) (1.13)

TETs EE€EL(Q)

< v

Now, (4.8) follows readily from (4.10)-(4.13). On the other hand, the generalization of the
Lax-Milgram theorem (cf. Theorem 5.4 in [25]) yields

1,5 < H ﬁup la(z, p(py,) — pu)l - (4.14)
z 1,r§1

lp(1er,) — Pl

Since Hg')z € V3, is an admissible test function in (3.6b) and (4.7), we find

alz,p(py) — pn) = alz — I 2, p(wy) — pn) - (4.15)

Using (4.7), we obtain

a(z =102, p(uy,) — pn)
= (=T 2,0 = y") = (Vg2 = T 2) 1 gy — alz = 107 2, pi)

= Z (z — HEJ)Z, yn —y* + V- aVp, — dpr)oo
TeTh

— Y -1z ve - (aVpils — [ E)o,e- (4.16)
Ee€&,(Q)
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Here we have used the fact that

(Vs v y-ro wie = = > We - [Balsvn)o5,
Ec&n(Q)

which follows from the definition of V*pu,,, |7 € Po(T)?, and integration by parts.

Taking advantage of the local approximation properties (4.9a),(4.9b) of HELT ), straightforward
estimation yields

la(z = 1172, p(py) — )|

ST llz =1 2o lyn =y + V- aVpn — dpnllo.sr
TETh

+ 3 e =1 %lowe e - (aVenle — [B4]e)los.s
Ec&n ()

> b lyn =yt + V- aVpy, — dpy,
TeTh

+ S % lve - (@Venle — [w)e)lose |1z
E€&n(Q)

/s ) /T
(3 5l =+ V-V —dpuliar) (X 1ol

TeETh TeTh
s/2 s 1/r
(X Ll ve - (aVerle = lmle)lsas) (X I#lin,)
E€&n () Eegn(Q)

1m0 (( Z UZ,T)US +( Z ﬁ;,E)l/s) : (4.17)

TET EEEL(Q)

IN

IN

05,7 12ll1,r.Dr

1,r,Dg

IN

1/s

<z

Then, (4.8b) is an immediate consequence of (4.14) and (4.17). O

The error between the optimal control and its finite element approximation, and between
the optimal state and the discrete optimal state is estimated next.

Lemma 4.2. Let (y,u, p, p, w) € Wy (Q)x L2(Q2) x Wy * (Q) x MxW=15(Q) and (yn, un, ph, tty) €
Vi x Vi, X Vi, x Cy, be the solutions of (3.1a)-(3.1d) and (3.6a)-(3.6d), respectively, and assume
that (y(un), p(pey,)) € W™ x W* are the intermediate states as given by (4.6) and (4.7). Then,

1t holds that

ly = ynlle o + lu = unl§ o

S lyCun) = vl +1p00) =l = (0,5 = Ydyg v e - (418)
Proof. In view of (3.1¢) and (3.6¢) we obtain

allu—unlga = (u—unp(n) = o+ (u—un,pr = p(py))oo = () + 1) . (4.19)
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Using the complementarity condition (3.6d) together with uniform boundedness of || V* ey, [|1-1.5
in h we have

(D) = aly — y(un), p(n) —p) = (n — v,y = y(un))o.o = (w+ V7 hp, y = y(un))y—1.c i

= —llyn —yllg.0 + (n — v un — y(un))oo — (w+ V¥, y — y(un)) -0 e

< Sl =l a+ 3l — vl q
=W+ Vg y = Yn)y-rs i = (WA Vg yn = yY(n))yyo1s gyt
< Sl =l a+ 3l — vl o
—(w,y — yh>w—1vs,wg” —(w+ V*uy, yn — y(“h»w—lv-*,w(}'r
< —%Hyh —ylda+ %Hyh - y(uh)”(Q),Q —(w,y — yh>W*1’5,W01’T +Cllyn — y(uh)”Wol’r'

Finally, for the second addend in (4.19) an application of Young’s inequality gives

«@ _
(1) < 3 flu— unlls + 2070 Ip(en) = Pallfyae, (4.20)
which implies the assertion. O
Combining our preparatory results we prove our main theorem.
Proof of Theorem 4.1. Taking into account that
ly = y(n)fyar < C llu—uallfo

for some C > 0, we get
ly = wnllyar + llu = uallg o (4.21)
<2y- y(uh)H%;VOm +2 [ly(un) — yh||3vow + [lu = unll§ o
< 2 [ly(un) = yallyar + (1 +2C) lu—unllgq -

Now the assertions (4.5) and (4.4) follow from an application of the results of Lemma 4.1 and
Lemma 4.2 in (4.21). O

5. Numerical Tests

Finally we present some numerical tests related to problem (P) for n = 2. From here
onwards element faces are called element edges. We set A := —A, f = 0 and consider the
two-dimensional domain

Q= {(21,29) = (rcos¢,rsinp) € R? : 7 € (0,1),¢ € (0,w)}
with boundary parts I'y := {(cos¢,sing) € R? : ¢ € (0,w)} and I'y := ([0,1] x {0}) U
{(rcosw,rsinw) : r € (0,1)}. We choose a = 1, yg = r=sinZ¢ and ¢ € L"(Q) with ap-
propriate » > 1. The optimization problem considered here for the numerical experiments

reads

min J (yn, u) = |y — yd||2L2(Q) + %HuH%Q(Q) over (yp,u) € Vi x L?(Q2)

st Jo VynVopde = (u,vp)o0 Yop € Vi, yn =sinZé on Ty, gy =0 on Ty, (P,)
[Vyn|? < 47 in Q.
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We note that for the solution of the problem
. LT
—Ay=0inQ, y=sin—¢ on 'y, y =0 on I'y,
w

we have y € W7 (Q) and

2w

w—T

IVy(z)| = g|x|% € L"(Q) with r:=

The numerical solution of (P,) is obtained by the semi-smooth Newton method applied to
the optimality system of (P%), see e.g. [16]. For the description of the method we follow [10]. Let
¢ > 0 be fixed and let us split the index set e of all nodes into I', the index set of all boundary
nodes, and I, the index set of all interior nodes. In order to cope with the non-homogenous
Dirichlet boundary conditions we introduce the modified stiffness matrix

i [ Ir  Ory

c [Rnpxnp7
Kir KI:|

where np denotes the number of vertices of the triangulation of 2. Then the optimality system
of (P,) can be expressed in the form

. Op
akup + Mio(yn —ya) + [; 20 7VYn|T - Vbj\T} -
j
F(yha uh?/jh) = R - yr =0,
h Mlouh
nt
[_ﬁh|T + max(0, i + c(|Vynr|* — ¢;21|T))} ey

which is amenable to the semi-smooth Newton method. We note that the scalar multiplier pp
of problem (Ish) is coupled to fi; through the relation pup p = 2¢p 7 fip|7-

In the following numerical examples mesh-refinement is based on the residual estimators
defined in (4.1a) and on the right-hand side (4.5). For the refinement the following bulk-
and/or max-marking procedure is employed. For this purpose let

m,r = hpllf +un+ V- aVy, — dy|

1
2

o Mer =hpllyn —ya+ V- aVpy —dppllg 7,

r/2 r 1 s/2 s
S Wlve Vlslie me=g 3 Wl (aVole — el e
ECoT ECOT

N3,E =

For 1,92 € [0, 1] the bulk criterion chooses minimal subsets My, My of triangles such that

Z T +n3,8 > V1 Z m,r + 3.k,

TeM, T
Z N2, + Na, g > V2 Z M2, 7 + N4, E-
TeM> T

The max-marking criterion for ¥y, 92,93, 94 € [0, 1] chooses these subsets according to

M; = {T:nLTZ'lgimj@XUi,T}, i=1,---,4.
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Consequently, set of triangles marked for refinement is given by
M = U; M.

In our numerical experiments we choose ©¥; = 0.7 for bulk marking, and ¥; = 0.5 for max-
marking. We use local congruent refinement with conforming closure, where a new node is
projected onto the circle containing his mother nodes. This procedure produces nice meshes
for the domains which we consider in our numerical experiments. The parameters r and s are
associated with the regularity of the involved variables and satisfy % + % =1.

In the following numerical solutions and the contributions to the error indicators are dis-
played on uniformly refined meshes 7;, whose mesh parameters for w = %7‘(’ are displayed in

Tab. 5.1.

Table 5.1: Mesh parameters for w = %TFI | refinement level, np number of vertices, nt number of
triangles, h grid size.

l np nt h

1 35 48 0.4203
2 117 192 0.2219
3 425 768 0.1138
4 1617 3072 0.0578
5 6305 12288 0.0292
6 24897 49152 0.0146
7 98945 196608 0.0073

5.1. Example 1 with inactive origin

In this example we use w = 2m,r = 10, and ¢(z) = 2z|~5 + |z| — 1.9 € L°(Q). The
gradient constraints are not active in the origin, but in the crescent-shaped black area, see
Fig. 5.1 where the numerical solution u, and yj together with the active set (black area) is
presented.

Fig. 5.2 shows the adaptively refined meshes obtained by bulk-marking (left) and max-

marking. Refinement due to the error indicators associated to the dual variables (i.e. p and p)

Fig. 5.1. Example 1: uy (left), yn (middle), and active set of all T' with |Vyp 7| = ¢(zr) (right) for
l=6.
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Fig. 5.2. Example 1: Mesh with bulk-marking (np = 4020, nt = 7976) (left), mesh with max-marking
(np = 3417, nt = 6744) (right).
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Fig. 5.3. Example 1: 7 for [ = 4.

is enforced in the crescent-shaped black area, whereas refinement caused by the primal variable

(i.e. y and u) is observed in the origin.

_ M
x10°" 2,7
3

x107°
15

5 10

-17 r]4,T

In Fig. 5.3 the different contributions to the total error estimator defined in (4.2a)-(4.3b)
are displayed on a uniform mesh for refinement level [ = 4. One clearly observes that the
edge-residual of the dual variables delivers by far the largest contribution. In Fig. 5.4 the

contributions of p;, and p, to (4.3b) are displayed separately. One finds that the contribution
of pp, is dominant.
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Fig. 5.6. Mesh with bulk-marking (np = 2345, nt = 4559) (left), mesh with max-marking (np = 4392,

nt = 8692) (right)
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Fig. 5.9. up, (left), yn (middle), and active set of all T' with |Vyy 1| = ¢ (zr) (right) for I = 6.



M. HINTERMULLER, M. HINZE AND R.H.W. HOPPE

AN
Jg‘v‘ni
s

v

%
N

-
A,é}egj SR K
)
vﬂaﬂv
7

e

57y

o

O

RO
&

AL V!A"A

:

SO/
PN

O

MF AT\ .
U

.
)
A

L
%

7

A3
S
R

AV i w’:ﬂv
KIS VA
SRR
ASWAVANY. 2 vaNiN
iyﬂgﬁ? AV

A

A ssoa
SIS
%«Tﬂ"%&»‘#
Y

'& W‘?ML

L

TAY
X

=

\
\

=Y

OVAN

A
2
A

oz
%
X

N
"
&

<t

K
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Fig. 5.11. n for | = 4.

5.2. Example 2 with active origin

In this example we choose w = 37, r = 6, and ¥(z) = 0.1]z| =3 +0.9 € L5(Q). The gradient
constraints are active in the origin, see Fig. 5.5, where the numerical solution u; and y; together

with the active set (black area) is presented. The control now is pronounced in a neighborhood
of the origin, which causes refinement there.

Fig. 5.6 presents the adaptively refined meshes obtained by bulk-marking (left) and max-
marking (right). Refinement due to the error indicators associated to the primal and dual
variables is enforced near the origin, and due to the dual variables in the black area of active
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Fig. 5.12. n4,g-parts for [ = 4.

constraints.

In Fig. 5.7 the different contributions to the error estimator defined in (4.2a)-(4.3b) are
displayed on a uniform mesh for refinement level [ = 4. One clearly sees that the edge-residual
of the dual variables delivers by far the largest contribution in a neighborhood of the origin.

In Fig. 5.8 the contributions of p;, and puy to (4.3b) are displayed separately. It is clearly
shown that the contribution of pj is dominant.

5.3. Example 3 with inactive origin

Now we have w = Z7,r = & and ¢(z) = 2)z|~7 +2|x| —3 € L5 (Q). The numerical results
are very similar to those of Example 1, where in the present example the crescent-shaped area
is even more pronounced, see Fig. 5.9. The meshes obtained by the different marking strategies
under investigation are shown in Fig. 5.10. As before, we in Fig. 5.11 and 5.12 depict the
various contributions to the error estimator for mesh refinement. As announced earlier, the
conclusions are similar as in Example 1.
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